We construct the quartic version of generalized quasi-topological gravity, which was recently constructed to cubic order in arXiv: 1703.01631. This class of theories includes Lovelock gravity and a known form of quartic quasi-topological gravity as special cases and possess a number of remarkable properties: (i) In vacuum, or in the presence of suitable matter, there is a single independent field equation which is a total derivative.
Introduction
It is generally expected that in a quantum theory of gravity the Einstein-Hilbert action will be modified by the addition of higher curvature terms. Within the context of string theory, these appear in the α corrections to the low energy effective action, including the GaussBonnet term, which falls into the Lovelock class [1] , and various higher order corrections which have been computed by various authors [2] [3] [4] [5] .
More pragmatically, higher curvature gravity is interesting in its own right. It has been known for more than forty years that these theories allow for renormalizable quantum gravity [6] . In the context of holography, the study of higher curvature toy models has led to the discovery of numerous interesting properties-some universal [7] -of conformal field theories [8] [9] [10] [11] [12] . For example, the inclusion of quadratic terms has been shown to lead to violations of the Kovtun-Son-Starinets (KSS) viscosity/entropy ratio bound [12, 13] and studies of cubic curvature theories have led to holographic c-theorems [14] , valid in arbitrary dimensions [15] . Thermodynamic considerations reveal that black holes in higher curvature theories have nontrivial behaviour, giving rise to isolated critical points and superfluid-like phase transitions [16] [17] [18] .
Holographic considerations partially motivated the construction of a new cubic theory of gravity, quasi-topological gravity [19] [20] [21] [22] [23] [24] [25] [26] [27] , which possesses a number of remarkable properties. While the cubic Lovelock term-the six dimensional Euler density-is gravitationally non-trivial only in d > 6, the cubic quasi-topological term contributes to the field equations in five dimensions and higher. The equations of motion, which are fourth order on general backgrounds, reduce to second order under the restriction to spherical symmetry. The theory admits exact spherically symmetric black hole solutions with the metric function determined by a polynomial equation very similar to the Wheeler polynomial of Lovelock gravity. Remarkably, despite the field equations being fourth order on general backgrounds, the linearized equations of motion describing graviton propagation in a maximally symmetric background are second order and match the linearized Einstein equations, up to a redefinition of Newton's constant [21, 28] . In other words, the additional massive scalar mode and massive, ghost-like graviton are absent. The upshot of this is that quasi-topological gravity avoids an unpalatable feature that afflicts many higher curvature theories: the propagation of ghosts and tachyons in the vacuum.
In a recent paper [29] two of us have shown that cubic quasi-topological gravity and cubic Lovelock gravity can be understood as members of a class of gravitational theoriesgeneralized quasi-topological gravity-which, under the restriction of spherical symmetry, have a single independent field equation. This is a sufficient condition to allow vacuum static spherically symmetric (VSSS) solutions described by a single metric function; that is, solutions of the form 1) with N = const., i.e., the solution is characterized in terms of a single metric function f [30] . 1 Here dΣ 2 (d−2),k is the line element on a surface of constant scalar curvature k = +1, 0, −1 corresponding to spherical, flat, and hyperbolic topologies. In [29] we demonstrated that the most general theory to cubic order in curvature having this property is given by the action
Here, Λ is the cosmological constant and α, β, µ, λ are arbitrary coupling constants. R stands for the Ricci scalar and X 4 and X 6 are the four-and six-dimensional Euler densities, was elucidated for the first time in [29] . Interestingly, while both the cubic Lovelock and quasi-topological terms vanish in four dimensions, the new term S 4 makes a nontrivial contribution to the field equations, reducing to the contribution from Einsteinian cubic gravity [31] . However, while Einsteinian cubic gravity does not permit solutions of the form (1.1) in d > 4, S d does. In this sense, S d can be viewed as the d-dimensional generalization of the four-dimensional Einsteinian cubic term. In [29] it was observed that the linearized equations of motion derived from the action (1.2) coincide with the linearized Einstein equations, up to a redefinition of Newton's constant. Thus, to cubic order in curvature, the entire class of theories which have a single independent field equation for a VSSS ansatz enjoy the property of propagating only the massless, transverse graviton familiar from Einstein gravity. In [29] it was conjectured that this would be a general feature for this class of theories to all orders in the curvature. Shortly after this, it was demonstrated in [32] that this is indeed the case for any theory for which the metric (1.1) describes the gravitational field outside a spherically symmetric mass distribution. This caveat explains why some theories, such as f (R) gravity, admit solutions of the form (1.1) with N = 1 but also propagate additional modes on the vacuum: in these theories, the metric (1.1) does not describe the gravitational field of a spherical mass [32] .
The aim of the present paper is to provide the quartic version of generalized quasitopological gravity: describing all quartic Lagrangian densities which, under the restriction to a VSSS ansatz, have a only a single independent field equation. We find a rather broad class of interesting theories, including five new quasi-topological theories and several quartic generalizations of the cubic Lagrangian (1.4).
Our paper is organized as follows. In section 2 we first review the procedure by which the generalized quasi-topological gravities can be constructed, and present the results of this construction for the quartic case. In section 3 we discuss the linearized theory and in section 4 we derive the field equations from the actions we construct. Finally, in section 5 we present the contributions to the Wald entropy arising from each of the interactions presented, and we present four-dimensional black hole solutions of this theory. We go on to study black brane solutions in arbitrary dimensions, finding they satisfy the expected relations of a CFT living in one dimension fewer.
2 Construction of the quartic theories
Review of the construction
We begin by briefly reviewing the construction used to obtain the generalized quasitopological theories in [29] . We refer the reader also to ref. [32] where this general strategy has recently been nicely discussed. The central idea is to construct theories that supplement Einstein gravity with higher curvature terms in a manner such that these terms can be "turned off" by a suitable adjustment of parameters in the action. Our conditions are the same as those mentioned in [33] and are, effectively, designed so that the most general solution of the theory takes the form of (1.1) with N = 1. Explicitly, the conditions are:
1. The solution is not an 'embedding' of an Einstein gravity black hole into a higher order gravity [34] [35] [36] . That is, the solution must be modified by the addition of the higher curvature terms.
2. The solution is not of a pure higher order gravity, but includes the Einstein-Hilbert term. For example, pure Weyl-squared gravity allows for four dimensional solutions with N = 1 [34, [37] [38] [39] .
3. Further, the theory must admit an Einstein-Gravity limit, i.e. reduce to the EinsteinHilbert action upon setting some of the parameters in the action to zero. This excludes certain theories that tune the couplings between the various orders of curvature terms [40, 41] .
A sufficient condition for this is that, upon setting N = 1 in the vacuum field equations, we are left with only a single independent field equation for any metric function f (r). That is, we demand that,
where
is the generalized Einstein tensor. 2 We emphasize once again that in enforcing Eq. (2.1) we do not place any constraints on the metric function f . In a general quartic theory, evaluating the field equations in full generality is an arduous task. It is more convenient to enforce (2.1) by taking advantage of the Weyl method [42, 43] . Here, one inserts the metric 2 Note that in the case of spherical symmetry, the angular components of the field equations are satisfied provided the time and radial components of the field equations are satisfied. This is a consequence of the contracted generalized Bianchi identity, ∇ a E ab = 0, which follows from the diffeomorphism invariance of the theory.
ansatz (1.1) into the action, integrates by parts to remove boundary terms, and varies the action with respect to N and f to obtain the two field equations. A simple application of the chain rule reveals that
and so condition (2.1) becomes δI δf N =1 = 0 (2.4)
as was pointed out in [32] . Carrying out this procedure for a cubic theory of gravity, one is led to the following action
where Λ is the cosmological constant and α, β, µ, λ are arbitrary coupling constants. R stands for the Ricci scalar and X 4 and X 6 are the four-and six-dimensional Euler densities, corresponding to the standard Gauss-Bonnet and cubic Lovelock terms, respectively. Z d is the cubic quasi-topological term,
and S d is a new term, written explicitly in (1.4).
Here we are interested in constructing the quartic generalization of this action. We consider the following basis of quartic invariants [28, 44] :
It is worth noting that in dimensions less than eight, the above 26 curvature invariants are not independent. The reason is because a certain linear combination of these yields the eight dimensional Euler density,
which vanishes identically in dimensions less than eight. Furthermore, under the restriction to spherical symmetry, there are additional, subtle degeneracies. There exist certain combinations of the above curvature invariants that identically vanish for spherically symmetric metrics [45] . Thus, we can expect certain degeneracies of theories in the spherically symmetric case: The field equations will not change upon the addition of one of these terms to the action. However, we should note that the resulting theories will be different when one moves away from spherical symmetry.
In what follows we focus on the quartic contributions to the action and write the following action
turning off the quadratic and cubic terms for the time being. In the following subsections we will enforce condition (2.4) on this theory by fixing the constants c i such that the condition is satisfied for any metric function f . From a practical perspective, we first compute the action (2.9) in complete generality by explicitly determining each of the 26 terms in arbitrary dimensions for a VSSS ansatz. This procedure is made significantly more manageable via a simple script used to determine the dimension dependence. Our results have been cross-checked up to (in some cases) 19 dimensions. All subsequent calculations were then performed working directly with this completely general action. We will split our discussion into two main parts, focusing first on the case of dimensions larger than four and then the four dimensional case separately. As was the case in the cubic theory [29] , the four dimensional case is somewhat special, while all other dimensions can be treated on equal footing.
The case for dimensions larger than four
In five and higher dimensions, there are nine constraints that determine the class of theories with this property. We, somewhat arbitrarily, solve the constraints for c 12 , c 17 , c 19 , c 20 , c 21 , c 22 , c 23 , c 24 and c 25 , yielding lengthy expressions that we have included in appendix A. There are then 17 free parameters that we can adjust to find interesting quartic curvature terms. For organizational purposes, to classify these theories we will split them into two convenient categories: theories in which the resulting field equation is the total derivative of a polynomial of the metric function, and theories in which the field equation contains more than one derivative of the metric function. In each case we will make remarks about the field equations, but postpone a full discussion of the resulting field equations until section 4. Here our aim is to present a convenient basis for the 17 quartic theories.
Lovelock and quasi-topological theories
We begin by determining what additional constraints are required so that all terms in the action leading to more than one derivative in the field equations for the VSSS metric function f (see section 4) are eliminated. The resulting field equation is then a total derivative of a polynomial in f . We find that two additional constraints is the minimum number required to eliminate these higher derivative terms in the action. We have checked that the conclusions that follow do not intimately depend on which two constants are solved for in these two constraints. Choosing somewhat arbitrarily c 9 and c 15 , we find
c 10 ,
We can place two additional constraints to remove the factors containing more than two derivatives of N (r) in the action. Of course, these terms would vanish anyway since the theory is constructed in such a way that N = 1 solves one of the field equations, but imposing these additional constraints renders the variational principle much less cumbersome. The fact that it is possible in this class of theories to kill off the higher powers of derivatives of N (r), combined with the fact that the field equations for the resulting theory are algebraic, is consistent with Conjecture 2 of [32] . Choosing c 18 and c 26 for this task, we find
Such theories yield a field equation of the form appearing in quartic Lovelock gravity or the more general quartic quasi-topological gravity [26] : a total derivative of a polynomial in f (r). However, although there are still 13 free parameters after the two additional constraints (2.10) are imposed, given the constraints in appendix A and Eqs. (2.10) and (2.11), we find that only seven of these terms make non-trivial contributions to the field equations; these are characterized by the constants c 1 , c 2 , c 3 , c 4 , c 5 , c 6 and c 7 . Of these seven nontrivial theories, we know that one must correspond to quartic Lovelock gravity; i.e. there must be a choice of constants that produces the eight dimensional Euler density. We find that this to be Another known term ensuring a non-trivial field equation is the selection
c 3 = 0, c 4 = 0, c 6 = 0,
,
corresponding to quartic quasi-topological gravity [26] . We thus have five new quartic quasi-topological theories, which to our knowledge have not been discussed in the literature to date. We therefore choose a simple basis for these terms: (2.14)
The resulting expressions for the Lagrangian densities of the quasi-topological theories listed above exhibit complicated dependence on the spacetime dimension. We have included explicit expressions for these, valid in any dimension d > 4, in appendix B. Each of the quasi-topological theories contributes to the field equations in dimensions d ≥ 5, but are 'quasi-topological' in d = 8, i.e. they do not contribute to the equations of motion for eight dimensional spherically symmetric metrics, but do not correspond to a topological invariant of general metrics. A remark about these new quasi-topological Lagrangians is in order. As discussed above, we have found that there are seven terms that make identical "Lovelock-like" contributions to the field equations in the quartic case. One of these is of course quartic Lovelock gravity, while we have found six Lagrangian densities (only one of which [26] was previously known) that would all fall into the class of theories known as quasi-topological gravity. It is not possible to "move between" these quasi-topological terms by adding a term proportional to the eight-dimensional Euler density: there is no linear combination of the Z (i) d terms we have defined yielding X 8 . This is in notable contrast to the cubic case where, in five dimensions, there are two contributions to the field equations named, in the notation of [21] , Z 5 and Z 5 . However these densities obey the relationship [21]
and since the six dimensional Euler density identically vanishes in five dimensions for any metric, it follows that there are not really two independent theories. Cubic quasi-topological gravity is unique. The fact that in the quartic case
for any choice of the coefficients c i means that each of these theories are distinct for general metrics. However, as mentioned at the beginning of this section, there is a sense in which these theories are degenerate. Under the constraint of spherical symmetry, there exist invariants that vanish for any spherically symmetric metric [45] . In fact, the combination
will always be such a term [the quantities with the hats are defined below in Eq. (2.22)]. Thus, in spherical symmetry, there is a "unique" quasi-topological theory in the sense that each of the Z (i) d terms makes the same contribution to the field equations and are related to one another by the addition of a term that vanishes on spherically symmetric metrics. We emphasize, however, that these theories are ultimately distinct because they will each yield different dynamics when spherical symmetry is not imposed.
The quartic quasi-topological term (2.13) was also claimed to be unique; however this does not appear to be the case, at least in the sense originally described [26] . That theory is unique only in the sense described above: terms vanishing under the constraint of spherical symmetry can be added to the action without altering the field equations. However, away from spherical symmetry these will be distinct theories, even in less than eight dimensions.
Many of these considerations are nicely discussed in the recent paper [23] , where a quintic quasi-topological theory was presented. It would be interesting to know how many theories contribute to the field equations in that case. More ambitiously, it would be interesting to know more general criteria that allows one to construct the quasi-topological Lagrangians in general, a problem that remains open.
Generalized quasi-topological terms
We now move on to consider generalized quasi-topological terms. Of the 13 free parameters remaining under the restrictions imposed by the constraints in appendix A and Eqs. (2.10) and (2.11), the Lovelock and six quasi-topological terms comprise the only seven nontrivial theories. The remaining six terms do not contribute to the field equations of a VSSS ansatz. Here we do not explicitly present the Lagrangians for these terms, but rather simply indicate choices of constants by which they are produced. We make the following choices: These remaining six terms yield vanishing contributions to the field equations when N = 1 is permitted (e.g. in vacuum or for electromagnetic matter), but would make non-vanishing contributions in the presence of more general matter distributions.
We shall now relax the additional constraints imposed in Eqs. (2.10) and (2.11) in order to obtain the full family of theories satisfying the constraint (2.1). These four distinct new theories -the quartet -have a field equation that is a total derivative of a quantity that is a polynomial in both f (r) and its first two derivatives. We make the following selections:
All other c i = 0 except those constrained in appendix A ,
All other c i = 0 except those constrained in appendix A .
We have chosen these constants to render the field equations in general dimensions as simple as possible. Our choices have been further motivated by the four dimensional case, which will be presented in the following subsection. The explicit Lagrangian densities that result for these terms are presented in appendix C. Although we have made many different attempts, it does not seem possible to select additional constraints such that the reduced Lagrangian of these generalized quasi-topological theories takes the form,
where F i are functions of f and its derivatives and the primes denote differentiation with respect to r. In other words, it does not seem possible to eliminate terms that are higher order in the derivatives of N (e.g. N 2 /N , etc.) without also eliminating the theory. This adds further support to Conjecture 2 made in [32] since we also find that the field equations for these theories are not algebraic.
We have now listed a basis for all 17 theories which satisfy condition (2.1) at the quartic level. We are now able to write down the explicit action for the full theory in five and higher dimensions. This takes the form
For any situation in which the stress energy tensor satisfies T t t = T r r (including the vacuum) the C (i) d terms will make no contribution to the field equations: their contributions to the generalized Einstein tensor all contain derivatives of N . For this reason, we shall not include these terms in our action in any of the discussion to follow.
In the above, we have made the following rescalings of the coupling constants to simplify the resulting field equations:
In the first term above we have defined
This concludes our discussion of the theories in dimensions larger than four. We now turn to a discussion of the four dimensional case.
The case for four dimensions
As was the case in the cubic version of generalized quasi-topological gravity, the four dimensional case is somewhat special, with only seven constraints as opposed to nine (see previous subsection). We find that the most general four dimensional theory satisfying (2.1) is given by placing the following seven constraints on the quartic terms in the action: Thus, one is left with a 19 parameter family of quartic densities whose solutions are of the form Eq. (1.1) with N = constant. We shall now discuss a useful basis for these theories.
In general, only the six terms corresponding to c 1 , c 2 , c 4 , c 5 , c 6 and c 7 make nonzero contribute to field equations in the context of VSSS metrics. Furthermore, each of these six terms make the same contributions to the field equations, up to overall constants. These six terms provide the quartic generalizations of the cubic S 4 term in four dimensions. The remaining 13 terms do not contribute to the field equations of a VSSS ansatz, or in any case where the stress energy tensor satisfies T t t = T r r . Our focus here will be to present the six non-vanishing contributions.
In the previous subsection we presented four Lagrangian densities, S We have presented explicit forms for these expressions in appendix C. In addition to the six non-trivial terms, there are 13 terms that are the four dimensional analogs of the C
terms. We do not present full expressions for these terms here since they have no effect on the field equations in the situations we are interested in. A simple basis for these terms is obtained simply taking c i = 1 and all other c j = 0 (except those which are constrained) for each of the constants that have not been fixed by the above considerations. We note again that the imposition of spherical symmetry yields a degeneracy amongst these theories: they differ by terms that vanish for a spherically symmetric metric. However this degeneracy is lifted if spherical symmetry is relaxed and so the theories are ultimately distinct.
The action for the non-trivial contributions to the field equations in four dimensions reads
(2.26)
with all otherλ (i) as defined in Eq. (2.22) with d = 4. These choices of normalization have been made to simplify the form of the field equations.
Linear theory and vacua
In this section we provide a brief discussion of the linearized equations of motion for the theories presented in the section 2. As conjectured in [29] and then demonstrated in [32] , a theory satisfying Eq. (2.1) must necessarily have linearized equations of motion that agree with the linearized Einstein equations on a maximally symmetric background, up to an overall constant. The only caveat being that, in this theory, the metric (1.1) describes the gravitational field outside of a spherically symmetric mass distribution. Thus, this section provides a useful check of the correctness of the theories, and the results may be useful in future studies of these theories. In what follows we will follow closely reference [28] , adopting the conventions therein. We consider a perturbation h ab away from a maximally symmetric spacetimeḡ ab such that,
The curvature of the maximally symmetric background is given by,
The linearized equations of motion for h ab are then given by [28] ,
where a, b, c and e are a convenient choice of parameters based on the linearization procedure; see [28] for further details. In the above, all quantities with a bar correspond to those defined for the background metric,ḡ ab , while
where h =ḡ ab h ab . The additional scalar and massive graviton modes will be absent provided 2a+c = 0 and 4b+c = 0 [28] . In other words, these terms will be absent provided the linearized equations are proportional to the linearized Einstein tensor (plus cosmological term) on the same background. Let us now explicitly present the linearized equations for the theories we have constructed. Specifically, we consider the theory 5) which includes all of the non-trivial contributions at the quartic level, except for the Lovelock term, which has been thoroughly studied. The results can be easily extended to cases with additional terms appearing in the action by simply adding the contributions arising from these terms to the relevant equations below. We will define, for convenience, the following constants:
Then it is a matter of calculation to show that the linearized equations are given by,
Note that in the above, it is the couplings without hats that appear; the definitions made in Eq. (2.22) significantly simplify the form of the linearized equations. As expected, we see the result is proportional to the Einstein tensor linearized on the same background. In four dimensions, the additional terms S
4 and S
4 also contribute, while the quasitopological terms make no contribution. The linearized field equations then become
where the sum defining λ now runs over all six couplings, λ (i) . The full field equations will relate the curvature of the background, K, to the length scale introduced by the cosmological constant, Λ. This dependence can be obtained by evaluating the field equations (see next section) on the maximally symmetric background. One finds that the following relationship must hold,
with µ and λ defined by the sums above. Note that when the higher curvature terms are switched off, the cosmological constant uniquely determines the curvature of the maximally symmetric solutions of the theory. However, when the higher curvature terms are present there will generically be multiple solutions for K: four in this quartic theory. In general, only a single one of these solutions will have a smooth limit to the vacuum of Einstein gravity upon sending µ, λ → 0. In order to ensure the proper coupling to matter, the prefactor appearing in front of G L ab in the linearized equations must have the same sign as in Einstein gravity. If this were not the case, then the graviton would be a ghost. For the theory discussed here, this requirement demands,
This condition must be satisfied by any physically reasonable solution to the equations of motion. We close this section by noting that, in a d > 4 theory that contains both the quasitopological and generalized quasi-topological terms, the value
seems to be special. When the couplings are constrained in this way, the theory has a unique vacuum coinciding with the Einstein gravity vacuum. Further, the above inequality for the absence of ghosts is trivially satisfied. It would be interesting to see if there are any additional interesting properties associated with this value of µ.
Nonlinear field equations in spherical symmetry
Here we present the field equations that are derived from the actions presented in section 2. We consider first the theory defined in dimensions larger than four, and then close with the four dimensional case.
The field equations in dimensions larger than four

Quasi-topological theories
We consider first the field equations for the quasi-topological gravities constructed in section 2. The field equations of Lovelock gravity are well known and we do not discuss them here. We consider the following action,
where theμ (i) terms are as in Eq. (2.22). A spherically symmetric metric (1.1) satisfies the field equations F = 0 with N = 1 and
where we have defined
3) Equation (4.2) can be easily integrated revealing that f is determined by the following algebraic relationship,
where m is an integration constant which is related to the mass. Note that in passing from the action to the field equations, the hats have been removed from the µ's. It was for this simplification that theμ (i) terms were defined as in Eq. (2.22) . Note that these equations only hold for d > 4 but d = 8: in eight dimensions, the quasi-topological terms are trivial.
Generalized quasi-topological theories
We next present the field equations for the four non-trivial generalized quasi-topological terms that were presented in section 2. The field equations for these theories are not algebraic, but rather, in vacuum, integrate to a second order differential equation that the metric function f must satisfy.
We consider now the following action,
where theλ (i) terms are as defined in Eq. (2.22). The field equations of this theory can be written in the following simple form,
and the F S d represents the contribution from each S (i) d to the field equations, which is the same for each term S (i) d due to the choices made in Eq. (2.19) . Note that, once again, in passing from the action to the field equations, the hats have been removed from the λ's. It was for this simplification that they were normalized in this way in Eq. (2.22). Explicitly, the contribution made to the field equations from each S (i) d is given by
where f = f (r) and a prime denotes a derivative with respect to r.
The field equations in four dimensions
In four dimensions, the only non-trivial contributions to the field equations come from the generalized quasi-topological terms. Considering the action
with theλ (i) terms defined in Eqs. (2.22) and (2.27), the field equations read
and F S 4 is given by the same expression as in Eq. (4.8) evaluated in d = 4. Explicitly, this takes the relatively simple form,
Having presented the field equations for the new quartic theories, we now move on to a discussion of their black hole solutions.
5 Black holes
Black hole entropy
We begin with a discussion of the black hole entropy for the various theories considered so far in this work. In a higher curvature theory of gravity, the Bekenstein-Hawking entropy is modified by additional terms. These terms can be calculated using the IyerWald prescription [46, 47] where the entropy is given by,
andε ab is the binormal to the horizon, normalized to satisfyε abε ab = −2. The integral is evaluated on the horizon of the black hole, which has induced metric γ ab and γ = det γ ab . In the following we will present the entropy densities,
where ω (d−2),k is the volume of the submanifold with line element dΣ 2 (d−2),k .
Considering first the quartic quasi-topological theories, we find that each Z (i) d makes the same contribution to the Wald entropy. For the theory written down in Eq. (4.1), this contribution to the entropy reads,
for the theory (4.1). For a theory containing additional terms, the above entropy density is simply modified by the addition of the entropy densities corresponding to the extra terms.
In the case of the generalized quasi-topological terms, S 
giving for the theory in Eq. (4.5),
where T = f (r + )/4π is the temperature. Note that in each case above we have set G = 1. Again, if the Lagrangian contains additional terms, then the corresponding entropy densities of these terms will be simply added to the above. The above result applies equally well to the four dimensional case, where the only modification is the addition of the two additional terms corresponding to the contributions from S 
A particularly noteworthy feature of the generalized quasi-topological theories is that the entropy density of a black brane is modified from the Bekenstein-Hawking result. In Lovelock and quasi-topological gravity, while the entropy density is modified for spherical and hyperbolic black holes, the entropy of the black brane is universal to all orders in the curvature in these theories and is given simply by one quarter the horizon area, as in Einstein gravity. In both cubic and quartic generalized quasi-topological gravity, there are modifications to this result [29, 32] . It would be worthwhile to explore the holographic consequences of this fact in, for example, how it applies to the ratio of shear viscosity to entropy density.
Black hole solutions in four dimensions
In this section we aim to study the vacuum field equations and their asymptotically flat black hole solutions in four dimensions. It is a noteworthy feature of the generalized quasi-topological theories that higher curvature corrections occur in four dimensions while maintaining relatively simple field equations. Here we only focus on the spherically symmetric solutions that can easily be generalized to topological black holes (i.e. those with k = 0 or −1). The field equations naively contain up to third derivatives of the metric function, but after imposing spherical symmetry and setting N = 1 they reduce to a single equation F = 0, where
with κ = 8πG, f = f (r) and we have set the cosmological term to zero. We have introduced the quantity K which is defined in the following way,
note when K = 0 the the field equation reduces to the Einstein gravity case. In many of the following equations we shall keep factors of k visible, since they serve as useful accounting devices, but at the end of the calculation we will set k = 1 to study the spherical asymptotically flat black hole.
After integrating the field equation we get
where C is the integration constant and the factor 1/κ gives us the valid contribution to the mass coming from the large r solution, as we will see shortly. The field equation is not solvable exactly therefore we construct a perturbative solution. We consider the asymptotic flat solution, hence as r → ∞, assuming K terms to be small corrections, the expansion of the metric function reads
where indicates the order of contribution of h(r). We substitute above expansion into Eq. (5.9) and only keep the linear terms in h(r). This way, we get a second order inhomogeneous differential equation where we set = 1. Up to the first order in K, a particular solution is given by
The homogeneous equation takes the form,
Here we assume ω 2 is positive, which requires that K is negative. This equation can be solved exactly in terms of Bessel functions, but here the relevant behaviour can be captured using an approximate solution. For large r, the first derivative term is negligible and the solution is approximately,
For asymptotic flat spacetime we get A = 0, so at leading order we obtain
The homogeneous solution is similar to Yukawa-type terms and exponentially decaying, thus it can be neglected and we left with the particular solution as the correction. Also it is justified from the fact that the theory does not have massive modes in its spectrum. For the asymptotically flat solutions, the ADM mass is given by [48] 
where ω (k)d−2 is the volume of the space with the line element dΣ (k)d−2 ; for a two-sphere this is just ω 2 = 4π. We also study the behaviour of the solution near the event horizon by expanding the metric function as f (r) = 4πT (r − r + ) + n=2 a n (r − r + ) n (5. 19) where T = f (r + )/(4π) is the Hawking temperature and we use temperature instead of f (r + ). By inserting this expansion into the field equation (5.9) and performing series expansion in (r − r + ), at zero and first orders we find following relations These equations determine C that is related to the mass according (5.18), and T in terms of the horizon radius, r + . The second equation is quartic in T but only one of its roots approaches real nonnegative value as K → 0. This is the appropriate branch to take since it has a smooth Einstein limit and we shall use it in what follows. With near horizon and asymptotic solutions constructed, we now join the two together by numerically solving the field equation. The essential idea is to evaluate the near horizon expansion very near to the horizon and use this as initial data for the numerical scheme. For this purpose one should include higher orders in the expansion (5.19). Although the higher order terms are more cumbersome, it turns out that at each order one can solve for the new parameter a n in terms of parameters in previous orders that themselves are eventually related to the single free parameter a 2 at second order. We consider the value of this free parameter as [49] 
where δ states the amount of correction with respect to the Schwarzschild solution where δ = 0. The value of δ must be carefully chosen for consistency with the boundary conditions (i.e. f (r) → 1 as r → ∞) and we use the shooting method to determine it. In the calculations we used terms up to order (r − r + ) 12 in the near horizon series expansion. Good results can be obtained with fewer terms, but the construction these terms is easily automated and therefore working to a high order comes with no extra difficulty. We have found that determining δ to ten significant digits is sufficient to integrate the solution to the point where the large r expansions become accurate (see Fig 1) .
The numeric results are presented in Fig. 1 , where for various values of K, we exhibit f (r) in terms of a dimensionless distance in four dimensions r/C. The graph shows that the solution approaches the expected value for asymptotically flat black holes. For larger quartic coupling we get more outward displacement of the horizon compared to the Schwarzschild black hole. In fact the presence of the higher curvature terms removes metric singularity as r → 0. However, the curvature singularity remains, with the Kretschmann scalar diverging as 1/r 4 and Ricci scalar as 1/r 2 as can be confirmed through an expansion of f (r) as r → 0. These results are similar to what was observed in the cubic case [29, 33] .
It is worth highlighting the fact that, despite the equation of motion for f (r) in this class of theories being a third order differential equation (albeit a total derivative), asymptotically the black hole solutions we have obtained are characterized only by their mass. In the near horizon solution, the free parameter a 2 is equivalent to a choice of boundary conditions, and it appears that their is a unique value yielding asymptotically flat conditions. One might naively expect that since the equations of motion are third order that the black holes may possess "higher derivative hair" (see, e.g. [50] for a recent discussion). However, the above discussion shows that this is clearly not the case for this class of theories. The black holes are characterized by a single free parameter (after fixing boundary conditions) and that is the black hole mass. In [32] it was suggested that this may be a general feature of this class of theories.
As a consistency check of the calculations, one can verify that the first law of black hole thermodynamics holds. Using Eq. we find that δM = T δS (5.22) where
from above. Since each of the terms going into the first law was computed independently, the fact that this relationship holds provides an important check of our calculations.
Black branes
We next consider black brane solutions of the quartic generalized quasi-topological theories. We consider only the Einstein-Hilbert term supplemented by the quartic generalized quasitopological terms to see more directly the effects of these terms. We employ the following metric
in terms of which the field equations read F = 0 with
and we have set k = 0 and rescaled λ with powers of so that it is dimensionless. Integrating we obtain F = C, where C is an integration constant to be related to the mass. In this case, we will set N = 1/ √ f ∞ which, from a holographic perspective, is the statement that the speed of light in the dual CFT is equal to unity.
As with the spherical case presented above, we were unable to solve the field equations exactly. We therefore employ perturbative methods here. Considering first the asymptotic solution, we write
The quantity f ∞ is the asymptotic value of the metric function which is a solution of the quartic polynomial equation,
Defined this way, the black branes asymptote to an AdS space with curvature radius = / √ f ∞ . We plug this ansatz for f (r) into the field equations, set all terms proportional to n equal to zero for n > 1 and then finally set = 1 to obtain an inhomogenous second order differential equation for the correction h(r). The general form of this expression is complicated, and so we do not present it here. However, it is easy to show that a particular solution takes the form,
We note that, provided f ∞ = 0, there are corrections of the same order as the mass of the black brane from the higher curvature terms. The form of the homogenous equation, at large r, must be considered in two separate cases. First, we consider the d = 6 case. There we have,
with
To keep with the AdS boundary conditions and avoid oscillating solutions we must have ω 2 > 0 which constrains the coupling to satisfy,
Physically reasonable solutions in must satisfy this inequality. Provided this condition is met, an approximate solution to the homogenous equation is given by,
We of course set A = 0 to maintain consistency with our boundary conditions and also note that the second term is hugely suppressed and so can be discarded. When the calculation is done in six dimensions, the homogeneous equation reads, We again set A = 0 in this case for consistency with the boundary conditions, and discard the second term since it is enormously suppressed relative to the particular solution. The above considerations reveal restrictions which must be enforced on the couplings that are not clear from the particular solution alone. Further, we see that we are permitted to drop the exponential terms from our considerations.
Next we turn to the near horizon solution where we expand the metric function as,
assuming that the metric function vanishes linearly as r → r + for non-extremal black holes. Substituting this ansatz into the field equations, one arrives at recurrence relations determining the coefficients in the series expansion. The first two of these are
and allow us to determine the temperature and integration constant C in terms of the horizon radius. The higher order terms in the series solution can be easily computed, but they rapidly become increasingly complex and are not actually needed to study the thermodynamics. As has been observed in several instances now [29, 32, 33, 51] the thermodynamics of black objects in the generalized quasi-topological theories can be studied exactly despite the lack of an exact solution to the full field equations. An interesting feature of the above result is that in five dimensions, the quartic generalized quasi-topological terms do not modify the temperature from the Einstein gravity result. However, in all other dimensions, the temperature gets corrected by these terms.
Recasting the entropy density presented earlier into the notation used for the black branes, we arrive at s = 1 4
which is not simply given by the Bekenstein-Hawking area law, but rather contains corrections due to the generalized quasi-topological contributions. This is notably different from what is observed in both Lovelock and quasi-topological gravity, where the area law remains unaffected for black branes, and may have interesting holographic consequences. For d ≤ 5 the entropy is larger than that in Einstein gravity (λ = 0), whereas for d ≥ 6 it is smaller.
It is easy to verify that the entropy density above satisfies the first law,
with the energy density given by,
The factors of r + appearing in the entropy and energy densities can be eliminated by solving the second equation of (5.38) . This is made easier by writing,
where γ λ solves the equation,
which is obtained by substituting r + for the above definition in the second equation of (5.38). Here we have included the subscript λ to illustrate that this quantity depends directly on the coupling, λ. The entropy and energy densities can then be recast as,
By studying the polynomial (5.43), we can conclude that there will be real, positive solutions for γ λ provided the coupling satisfies,
with equality corresponding to a positive, real double root. Of course, the above constraint does not apply in d = 5, but in this case, λ does not contribute to the polynomial, and the only valid solution is γ λ = 1, which holds for any value of the coupling. From the entropy and energy densities, one can construct the free energy density, which is given by,
( 5.46) The entropy and energy densities can be shown [using Eq. (5.43)] to satisfy the relation,
as expected for a CFT living in d − 1 dimensions. An interesting aspect of the above results is that the entropy and energy densities are modified from the Einstein gravity result. Similar results were noted in [32] for five dimensional black branes in cubic generalized quasi-topological gravity. In Lovelock and quasi-topological gravity, this is not the case: the expressions are identical, apart from the appearance of the term f ∞ characterizing the curvature of the AdS space [21] . In a sense, the properties of black branes in these latter theories are 'universal'.
We expect that differences appearing in the generalized quasi-topological case will lead to further interesting results when a full holographic study of these theories is performed.
Conclusions
We have constructed a complete set of theories of gravity that are quartic in curvature and whose field equations each reduce to a total derivative of a functional of one metric function under the restriction to spherical symmetry. In four dimensions, the non-trivial contributions arise from six generalized quasi-topological theories given by (2.25) and (2.19) which have equations of motion that are a total derivative of a polynomial of f (r) and its first two derivatives. In five or higher dimensions, these theories break up into the following classes:
1. 4-th order Lovelock gravity, whose Lagrangian is given by the eight dimensional Euler density X 8 . The field equations of this theory are always second-order, and under restriction to spherical symmetry becomes one equation that is a total derivative of a polynomial in a single metric function f .
2. Six quasi-topological theories, whose Lagrangians are given by (2.13) and (2.14). The theory described by (2.13) was found previously [26] ; the remaining five in (2.14)
are new. For all six, under restriction to spherical symmetry the field equations become a single equation that is a total derivative of a polynomial in a single metric function f . In the context of spherical symmetry, the field equations of all six theories coincide, since the Lagrangians are equivalent up to terms which vanish for spherically symmetric metrics. Relaxing the constraint of spherical symmetry, the field equations of the theories will no longer coincide (since they are distinct Lagrangians) and are fourth order differential equations.
3. A quartet of generalized quasi-topological theories, whose Lagrangians are given by (2.19) . For all four, under restriction to spherical symmetry the field equations become a single equation that is a total derivative of a polynomial in a single metric function f and its first and second derivatives.
4. Six theories, whose Lagrangians are given by (2.18), and for which the field equations vanish if the function N is constant. For situations where the stress-energy T t t = T r r there will be two non-trivial field equations that determine N and f .
We have also studied several aspects of these theories. We have considered their linearized spectrum, finding that it is only a massless, transverse graviton that is propagated on a constant curvature background. We have presented the field equations of the theories, valid for a static spherically symmetric metric in any dimension, and have determined the expression for black hole entropy in arbitrary dimensions. This latter result is particularly interesting since, for black branes, there are corrections to the Bekenstein-Hawking area law, something which does not occur in either Lovelock or quasi-topological gravity, and may have interesting holographic consequences. Studying four dimensional asymptotically flat black hole solutions, we have found that the solutions are characterized simply by their mass and are free from any higher derivative hair. In this case, the thermodynamics can be studied exactly (despite having only perturbative and numeric solutions) and we find the first law holds. Black brane solutions of the theory were studied in arbitrary dimensions. These solutions satisfy the expected thermodynamic relations for a CFT (without chemical potential) living in one dimension less. Further, unlike the case in Lovelock or quasitopological gravity, the generalized quasi-topological terms modify the thermodynamic properties of the black branes. This result may have interesting consequences in holographic studies.
This class of theories (which has now been constructed to cubic [29, 31] and quartic order) provides interesting generalizations of Einstein gravity that are non-trivial in four (and higher) dimensions. This contrasts with previous constructions of Lovelock and quasitopological gravity, which vanish on four dimensional (spherically symmetric) metrics. The generalized quasi-topological terms can be thought of as the theories which have many of the interesting properties observed for Einsteinian cubic gravity [31] in four dimensions [33, 51] , but in higher dimensions and/or to higher orders in the curvature. These theories necessarily [32] propagate only a massless, transverse graviton on a maximally symmetric vacuum. Furthermore, they admit black hole solutions which are characterized only by their mass. The thermodynamics of the black holes can be studied exactly despite the lack of an exact, analytic solution to the field equations.
There remain many problems deserving further study. It would be worthwhile to further study the properties of the four and higher dimensional black holes in these theories, and work is currently in progress on this [52] . It would be useful to know if the Birkhoff theorem holds for the generalzied quasi-topolgoical terms, similar to Lovelock and quasitopological gravities [38, 39, 53] . More generally, the generalized quasi-topological theories seem well suited for holographic study and may serve as useful toy models in this context. A holographic study would also shed further light on stability and the permissible values of coupling constants, and may reveal novel features in the case of black brane solutions of the theory. An ambitious undertaking would be to elucidate the general structure of the Lagrangians in this class of theories. This has been long known in the case of Lovelock gravity [1] , but remains an open problem in the (generalized) quasi-topological cases.
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A The constraints in general dimensions
The following constraints on c 12 , c 17 , c 19 , c 20 , c 21 , c 22 , c 23 , c 24 and c 25 ensure that condition (2.1) is met for the quartic action in dimensions larger than four.
c 11 (A.1)
B Quasi-topological Lagrangian densities
In this appendix we provide a list of the explicit forms of the quasi-topological Lagrangian densities. 
